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Abstract

The aim of the present paper is to provide information regarding the generalization of the
concept ‘dimension’ of vector spaces to modules over associative rings. This paper explains
a fundamental structure theorem related to the dimension of modules that was proved in
1957 by a well known algebraist A.\W. Goldie (University of Leeds). This paper is very
much useful for the beginners in research to understand the algebraic techniques how
definitions and other new notions go on, and how logic is generated to form some
important structure theorems in algebra.

Introduction :

In recent decades interest has arisen in algebraic systems with binary operations
addition and multiplication. 'Ring' is one of such systems. A ring (or an associative ring) is
an algebraic system (R, +, .) satisfying the conditions:

i) (R, +) is an Abelian group;

ii) (R, .) is a semi-group; and

iii)a(lb+c)=ab+ac and (a+b)c=ac+bc forall a, b,ceR.
Moreover, if there exists an element 1 € R such that la=a=al forall a € R, then we say
that R is a ring with identity. Ring theory became an important part of Algebra.

We know that the algebraic structure ‘vector space’ is normally defined over a field. A
similar structure defined over an associative ring is called as ‘module’. Goldie [1]
introduced the concept of Finite Goldie Dimension (FGD, in short) in modules. A module
M is said to have FGD if M contains no infinite direct sum of non-zero submodules.
Goldie proved a structure theorem for modules which states that “a module with FGD
contains uniform submodules Uy, U,, ..., U, whose sum is direct and essential in M”. The
number n obtained here is independent of the choice of Uy, U,, ..., U, and it is called as
Goldie Dimension of M. Later this dimension theory was studied/developed by the authors
like: Reddy, Satyanarayana, Syam Prasad & Nagaraju. The present paper includes the
proof of this structure theorem along with the proofs for some other necessary related
results.
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This paper is divided into two sections. In section-1, we presented some fundamental
definitions and examples on modules which will be useful in the second section. In
section-2, we presented some fundamental definitions and results on Finite Goldie
Dimension from the existing literature. Finally we presented the proof for the structure
theorem related to modules with finite Goldie dimension. For the better understanding for
the beginners, we explained the proofs in detail. We do not included the easier
verifications.

SECTION - 1
Modules

In this section, we give some fundamental definitions and examples on modules
which are used in the next section.

1.1 Definition: Let R be an associative ring. An Abelian group (M, +) is said to be a
module over R if there exists a mapping (called scalar multiplication) f: R x M —> M
(the image of (r, m) is denoted by rm) satisfying the following three conditions:

(i) r(atb) = ra+rb;

(ii) (r+s)a = ra+sa;and

(iii) r(sa) = (rs)a forall a,beM and r,seR.

Moreover, if R isaring with identity 1; and 1m=m forall m € M, then M
is called a unital R—module or unitary module.

1.2 Note: In the definition 1.1, we write the elements of R on left to the elements of M.
So we call this module as a left R-module or left module.
Throughout our discussion, M stands for a non-zero left module.

1.3 Examples: (i) Every ring R is a module over itself.

(ii) Every Abelian group is a module over the ring of integers Z.

(iii) Every vector space over a field F, isa module over the ring F.

(iv) Let (G, +) be an Abelian group.
Write R = {f: G— G / fisagroup homomorphism}.
We define the operations addition (+) and multiplication (-) on R by

(f+g)(x) = f(x) +g(x), and (f.g)(x) = f(g(x)) forall x e G and f,g e R.
Define 0(x) =0 forall x € G. Then 0 is the additive identity in R.
Forany f e R, we define -f in R by (-f)(x) =-(f(x)). Then "-f" is the additive inverse
of f. So (R, +) becomes an additive Abelian group. Also (R, .) isasemi group.
One can easily verify the distributive laws:

f(g +h) = fg + th and (f+g)h=fh +gh forall f,g,h e R.

The identity function 1(x) =x forall x e G, acts as the multiplicative identity.
So (R, +, .) is a ring with the identity I(Here identity function on G acts as the
multiplicative identity in R). Forany fe R and a e G, the element f(a) (the image of
‘a’ under f) isin G. This defines a scalar multiplication R x G —» G. Now G becomes a
module over R.

(v) Let R bearing,and L aleftideal of R.
Define a~b < a-belL forany a b e R. Then ~ isan equivalence relation and
the equivalence class containing a is [a] = a+L. Write M = {a+L/a e R}. Define
addition (a+L)+(b+L)=(a+b)+LonM. Then (M, +) isan Abelian group. Here 0
+ L is the additive identity, and (-a) + L isthe inverse of (a+L) inM. Forany reR
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and a+ L e M, define the scalar multiplication by r(a + L) =ra + L. It can easily shown
that M is an R-module. Here M is called the quotient module of R by L.

1.4 Definition: Let M and M! be R-modules. A mapping f: M — M! is said to be an
R-module homomorphism (or module homomorphism) if f satisfies the following
conditions:

@i). f(x+y) = f(x) + f(y); and (i) f(rx) = rf(x) forall xy e M and r e R.

1.5 Definition: Let M be an R-Module. A non-empty subset N of M iscalledan R-
submodule (or a submodule) of M if
(i) Forany x,ye N = x-yeN;and (i)xeN and reR = rxeN.

1.6 Note: (i). For any module M, the sets {0} and M are submodules of M. These two
submodules are called trivial submodules of M.

(ii). For a non-empty subset X of M, we define the submodule of M generated by X as the
intersection of all submodules of M containing X.

(iii). The submodule of M generated by X is denoted by <X> or (X). We write <x>
(instead of <{x}> or (x)).

1.7 Definitions: Let M be an R-module and My, M,, ..., M submodules of M. We say
that M is the direct sum of M; 1<i<s ifeveryelement me M canbe

expressed in unique manneras m = my+m,+...+mg with myeM; 1< i <s.

A Module M is said to be cyclic if there exists an element a € M such that

M = {ra / r € R}. An R-module M is said to be finitely generated if there exist
elements aje M,1< j < nsuchthat M = {rna, +... +ra, / rjeR, for 1< j < n}.
It is clear that every cyclic module is finitely generated.

1.8 Definition: (i) If K, A are submodules of M, and K is a maximal submodule of
M with respect to the property K n A =(0), then K is said to be a complement of A
(or a complement submodule in M).

(i) A non-zero submodule K of M is called essential (or large) in M (or M is an
essential extension of K) if A isasubmodule of M suchthat K n A =(0), imply A
=(0).

(iii) If A is essential submodule of M and A = M, then we say that M is a proper
essential extension of A.

1.9 Note: (i) If K isessential in M, then we denote this factby K <, M.

(i) Let M be a module, A a submodule of M and B be a maximal among the
submodules of M with respect to the property that A ~B = (0). Then A@ B <, M, and
B is a complement of A.

[Verification: Suppose D is a submodule of M such that (A + B) n D =(0).
To show D = (0), first we show that A n (B + D) = (0).
Let acAn(B+D) =>a=b+d forsome be B and d € D.
= a-b=d eDn(A+B)=(0) = a-b=0 =a=be AnB=(0).
Since A (B + D) =(0), by maximality of B, we have

B=B+D = DcBcA+B = Dc (A+B)nD=(0). Hence D = (0).
This shows that A® B <, M.]
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(iii) If C is a submodule of M which is maximal with respect to the property: C 2 A
and CnB = (0), then C® B <, M. Moreover C isacomplementof B containing A.
[Verification: Follows from (ii)].

1.10 Result: (i). The intersection of finite number of essential submodules is essential;
(ii). If 1, J, K are submodules of M suchthat 1<, J, and J<, K, then I < K;
@ii). 1< J = (InK) < InK);

(iv).If IcJcK, then 1<, K< 1< ], and J<K;and
(v). Suppose H, K are two modules and f: K — H is a module isomorphism.
If A isasubmodule of K, then A<, K < f(A) < H.

Proof: (i) Let {A} in:l be a family of essential submodules of M.

n
Put A = ﬂAi . We show that A <, M.
i=1
We use the principle of mathematical induction on n, the number of essential submodules.
Suppose n=2. Then A = A;nA,. Let L beasubmoduleof M suchthat AL
=0) = AAnA)NL =) = Ain(A,nL) = (0)
= A;nL = (0) (since A; < M) = L=(0) (since Ay < M).
Now we proved that A~ L = (0), L isasubmoduleof M = L = (0).
Hence A = (A;n Ay < M. Sotheresultistrue for n = 2.
Induction Hypothesis: Assume that the result is true for (n - 1) submodules.
n-1
That is, ﬂAi <. M whenever Aj<,M, 1< i <n-1.
i=1
Now suppose that A;, 1 < i < n are essential submodules of M. We have to prove that

n n
ﬂAi <M. Let L be asubmodule of M such that (m Aiij =(0)

i=1 i=1

n-1 n-1
:(ﬂAi mAnJ AL=(0) = (ﬂAi] A (AL = (0)

i=1 i=1
= A,nL = (0) [byinduction hypothesis] = L = (0) [since A, <. M].

n
Hence ﬂ Ai <e M. This proves that the result is true for all positive integers n.
i=1

(ii). Suppose 1, J, K are submodulesof M suchthat | <, J and J< K.
Now we show that | <, K.
Let L beasubmoduleof M suchthat L <« K and I~L = (0)
= (InL)NnI =0) = InLnJ) =(0)
= LnJ=(0) (since LnJcJand 1<J) = L =(0) (since J < K).
This shows that | <, K.
(iii) Suppose | <, J. Now we show that (I N K) <, (J " K).
For this, take L asubmodule of M suchthat L < JnK and (InK)nL=(0)
=In(KnL) =(@0) = KnL = (@) (since KnLcLcJInKclJand I<]J)
= L=KnL = () [since L c K] = L=(0). Therefore (I nK) <, (J nK).

(iv) Suppose | < J < K and | < K.
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Let L beasubmoduleof M suchthat L < J and InL = (0),

= InL =), LcK [since LcJc K] = L = () [since | < K].

This shows that | <, J. Next we show that J <, K.

For this, take a submodule A of M suchthat AcK and JnA = (0).

Now Icl = InA c JnA=0) = InA =0 = A= () [sinceAcK
and 1< K]. Weprovedthat Jn A = (0), A isasubmoduleof K = A = (0).
Hence J<, K. The converse part follows from (ii).

(v). Suppose A <, K. We have to show that f(A) <, H. Let B be a submodule of H such
that f(A) N B = (0). Now A nf™(B)=(0). Since A <K, wehave f*B)=(0) andso
B = f(f "(B)) = (0). Thus f(A) <, H.

If f(A) <. H. By above part f{(f(A)) <. fY(H) =K = A< K.

1.11 Lemma: Let G;, Gy, ... G, Hi, H,, ... H, besubmodules of M such that the
sum Gy + G, +...+G, isdirectand H; < G; for 1< i < n. Then
(Hi+H, + ... +H) < (G +G, +...+G,)) < eachH; <G; for 1<i < n.

Proof: We prove the Lemma by induction on n.
Suppose that n =2. Assume that H; <, G; and H, <, G,. Write A; =H; + G, and
A2 = Gl + H2. We show that A]_ <e (Gl + Gz)
For this, it is enough to show that A;~Ra = (0) forall 0 za € G; + G,.
Let 02a e G+ G, Then a=a; +a, forsome a; € G; and a, € G,.
If a; =0, then a € G, and hence <a>n A; = (0).
If a; #0, thensince H; <. G;, we have Ra;~H, = (0).
So there exists a non-zero element r € R such that 0 ra; € Ra; » Hs.
If r(a, +a,) =0, then ra; = -ra, e G, G, =(0) = ra; =0, acontradiction.
Now O=r(a;+ay)=ra;+ray e Hi + G, = A
So 0#ra=r(a; +a,) € A;nRa. Hence A; < (G; + Gy).
Similarly A, <, (G, + G,). By Result 1.10(i), it follows that
(H: +Hy) = (A1 N Ap) < (Gy + Gy). So the result is true for two submodules.
Induction Hypothesis: Assume the result for k - 1 submodules.
Thatis, if Hi<. G 1<i<k-1, then (Hi+... + Hy) < (G + Gy + ... + Gyy).
Now Hy <. G. By applying above part we get that
(Hy+Hy+ ... +H g + H) <o (G + Gy + ... + Gy + Gy).
Hence the result is true for k submodules.
Hence by the principle of mathematical induction, for any positive integer n,
(Hi+Hy+ ... +Hp) < (G +Gy+...+Gp) if Hi <G;, 1<i<n.

Converse: The converse also proved by using mathematical induction.
Let Gy, G,, Hy, H, be submodules of an R-module M such that G;nG, = (0) and
Hi [ Gi for i= l, 2. If (Hl + Hz) Se (Gl + Gz), then Hi Se Gi for i= l, 2.
[Otherwise: Suppose (H; + H,) <. (G, + G,) and H; is not essential in G;.
Then there exists a non-zero submodule A of M such that A c G; and AnH; = (0).
To show An(H; + Hy) = (0). Let x € An(Hy +H,). Then x € A and x € H; + H,.
X =h; + h, forsome h; € H; and h, € H,.
Now -h; +x=h, e (H; + A)nH, < G;nG, =(0) and hence h, =0.

= x=h; e HNA =(0) sothat x=0.
Therefore An(H; + H,) = (0). Hence (H; + H,) <, (G; + G,) and A< G; + G, we have
A =(0), acontradiction. Thus H; <, G;. In a similar way, we can show that H, <, G,].
Thus we can be easily proceed to show that for any position integer n,
Hi+Hy+ ... +H) < (G1+ G+ ... +Gy) imply Hj < G;, for 1<i<n.
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1.12 Note: Consider submodules A, B, C of M as in Note 1.9(ii) & (iii).

Here A®B <, M and A®B < C®B < M. Using Result 1.10(iv), we get that A®B
<. C®B. By Lemma 1.11, it follows that A <, C. Note that C is a complement
submodule which is also an essential extension of A.

SECTION - 2
Finite Goldie Dimension In Modules

It is well known that the dimension of a vector space is defined as the number of elements
in its basis. One can define a basis of a vector space as a maximal set of linearly independent vectors or
a minimal set of vectors which spans the space. The former when generalized to modules over rings,
becomes the concept of “Goldie Dimension”.

In this section, we present some fundamental definitions and results on Finite Goldie
Dimension from the existing literature. We include the proofs for some results. We start this section
with the following definition:

R denotes a fixed (not necessarily commutative) ring.

2.1 Definition: A module M is said to have Finite Goldie Dimension (written as FGD) if M does
not contain a direct sum of infinite number of non-zero submodules.

2.2 Remark: The following two conditions are equivalent:
(i) M has FGD; and

(ii) For any strictly increasing sequence Ho < H; < ... of submodules of M, there
exists an integer isuch that Hy <. Hy.1 forevery k > i

Verification: (i) = (ii): Let M be a module with FGD and Hy < H; < ... astrictly increasing
sequence of submodules of M. In a contrary way, suppose that there exists an infinite sub sequence

{ H K; }?0:1 of {H} ioil such that H K, is not essential in  H ki+1 , foreach i. So for each i,

there exists a non-zero submodule A; of M such that A c H K., and H k. DA =(0).
14 I

o0

Now it is easy to verify that the sum Z Ai is direct sum of non-zero submodules
i=1

{Aili=1,2,..}of M,acontradiction to the fact that M has FGD.

(ii) = (i): Suppose (ii). In a contrary way, suppose that “M has no FGD”.
Then M contains a direct sum of an infinite number of non-zero submodules {A} iil .

Thatis, M2 AL @A, ®A;® ... Nowitisclearthat A1 S AL ® A & ...

Since A, = (0), we have that A1 is not essential in A; @ A,.

Similarly Ai® ... @A is not essential in A;@AD ... DADA1.

Write Hy= Ai® ... @A« for k=1,2,... Now H; & H, & ... is an infinite chain of

submodules of M such that Hy is not essential in Hi.q, a contradiction to the converse hypothesis.
Hence M has FGD.

2.3 Note: (i) If M has DCC (Descending Chain Condition) on its submodules, then M has FGD.
[Verification: Suppose M has DCC on its submodules. In a contrary way, suppose M does not have
FGD. Then M contain non-zero submodules Ky, Ko,...... whose sum is direct. The sequence

Z K Z K Deveneenns is an infinite strictly decreasing sequence of submodules of M, a
i=2
contradlctlon to the fact that M has DCC on its submodules. This proves that M has FGD.]
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(ii). If M has ACC (Ascending Chain Condition) on its submodules, then M has FGD.
[Verification: Suppose M has ACC on its submodules. Then M satisfies condition (ii) of Remark 2.2.
Now one can conclude that M has FGD.]

(iii) Let M be a module with FGD and H be a non-zero submodule of M. Then H has FGD.
[Verification: In a contrary way, suppose that H do not have FGD. Then H contains a direct sum
of infinite number of non-zero submodules. Since every submodule of H is also a submodule of M,
we have M contains an infinite number of non-zero submodules whose sum is direct, a contradiction
to the fact that M has FGD. Therefore H has FGD.]

2.4 Definition: A non-zero submodule K of M is said to be an uniform submodule if every non-zero
submodule of K is essential in K.

2.5 Theorem: (i) K'is an uniform submodule < K;, K; are two submodules of K such that K; nK;
=(0) = Kyi=(0) or K, = (0).

(ii) Let K and H be two submodules and f: K — H be module isomorphism. If U is
submodule of K, then U isuniformin K < f(U) is uniform in H.

(iii) Let H and K be two submodules of M such that HNK = (0). For a submodule U of H, we
have that U is uniform < (U + K)/K is uniform in M/K.

Proof: (i) Suppose K isan uniform submodule of M.

Let K;, K, are two submodules of K such that K; n K; = (0). If K; =(0), then it is clear. Suppose K;
#(0). Thensince K; isasubmodule of K, we have that K; <. K and so K, =(0). Thus either K; =
(0) or K, =(0).

Converse: Let K; be a non-zero submodule of K. To verify that K; <, K, take a submodule K, of
K such that K;~ K, = (0). Now by converse hypothesis, we get that K, = (0). This shows that K; <.
K. Hence K is uniform.

(ii) Suppose that U is uniform in K. Let | and J be two submodules of H contained in f(U)
such that 1~ J = (0). Since f is an isomorphism, f*(I) and f*(J) are submodules of K contained in
U.fi ) nf?Q) =f1nJ) = fY0)=0.

Since U is uniform, (1) = (0) or f *(J)=(0) = 1=(0) or J=(0).

Converse: Suppose f(U) is uniform. Since f*: H — K is an isomorphism, we get that f *(f(U)) is
uniform in K. Since U = f (f(U)), we have that U is uniform in K.

(iii) Define f: H — (H + K)/K by f(h) =h+ K. Clearly f is onto.
Since HNK = (0), we have that f is one-one. So f is a module isomorphism.
By (ii) we get that U isuniformin H < f(U) = (U + K)/K is uniform in (H + K)/K.

2.6 Lemma: Let M be a non-zero module with FGD. Then every non-zero submodule of M
contains a uniform submodule.

Proof: In a contrary way, suppose that U is a non-zero submodule of M which contains no uniform
submodule of M. Then U is not uniform.

Therefore there exist two non-zero submodules U;, U;* of M such that U;~U,* = (0), and Uy + U*
c U

By our supposition U;* is not uniform and this implies that there exist two non-zero submodules U,,
U,' of M such that U, Uyt = (0), and U, + Ut c U.

If we continue this process, we get two infinite sequences {U;} ;il , {Ui'} ?il of nonzero
submodules of M such that Ui~ Uit = (0) for each i and U;+ Ui < Uiyt for i >2
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Now the sum Z Ui is an infinite direct sum of non-zero submodules of M,

i=1
a contradiction to the fact that M has FGD. Thus we proved that if M has FGD, then every non-zero
submodule of M contains a uniform submodule.

2.7 Remark: Let M be a module and K a uniform submodule of M.
If L isasubmodule of M suchthat L c K, then either L =(0) or L is uniform.

[Verification: Suppose L = (0). Let Aand B be submodules of M such that

Acl, BcL and AnB=(0). Now A, B c K (since L cK).Since K is uniform, we have that
A =(0), or B=(0). Thisshow that L is uniform.]

With the concepts defined above, Goldie proved the following Theorem.

2.8 Theorem: (Goldie [ 1]): Let M be a module with finite Goldie dimension.
(i) (Existence) There exist uniform submodules Uy, U,, ..., U, whose sum is direct and
essential in M.

(i) If Jis a submodule of M such that J n U= (0) forall i (1 <i<n),then Jis
essential in M.

(iii) (Uniqueness) If there exist uniform submodules Vi, Vs, ..., Vi whose sum is direct
and essential in M, then k=n.

2.9 Definition: Let M be a module with FGD. Then by Theorem 2.8, there exist uniform submodules
Ui, 1 <i<n whose sum is direct and essential in M. The number ‘n’ is independent of the choice of
the uniform submodules. This number n is called the Goldie dimension of M, and it is denoted by
dim M.
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