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Abstract

Large language models now sit at the centre of enterprise agentic pipelines that plan, retrieve,
call tools, and generate answers under strict cost and latency budgets. In these systems the
token is the fundamental unit of both computation and price, so the mathematics of spending
tokens efficiently has become a first order engineering concern. This paper presents a unified
mathematical and algorithmic account of token optimization across four levels of the stack:
subword tokenization, prompt compression, key value cache management, and agent loop
context governance. We formalize each level as an optimization problem, namely minimum
expected sequence length for tokenization, budgeted information maximization for prompt
compression, and submodular cache eviction for inference memory. We implement byte pair
encoding from first principles and report reproducible measurements of fertility and compression
on four enterprise content regimes, observing token fertilities between 1.26 and 2.01 and
effective compression between 4.29 and 8.59 characters per token at a vocabulary of 8096
units. An information theoretic pruning analysis shows that ranking tokens by self information
retains content faster than uniform removal, and a transparent parametric cost model shows that
compressing retrieved context by sixty five percent lowers per episode token consumption by
approximately fifty four percent for a six round agent. The results give practitioners a rigorous
basis for controlling the cost of agentic deployments without sacrificing task fidelity.
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1. Introduction

Large language models (LLMs) have moved from single turn assistants to the reasoning core of enterprise agents
that plan, retrieve evidence, invoke external tools, and compose answers under strict service level objectives. The
transformer architecture that underpins these models processes text as a sequence of discrete tokens [1], and in a
commercial deployment the token is the atomic unit of both computation and price: every token in the prompt and
every token in the generated continuation consumes memory, bandwidth, and money, while the finite context window
caps how much evidence a single call can weigh. When an agent loops through several rounds of thought and action,
the accumulated context grows super linearly in the number of rounds, because earlier observations and intermediate
conclusions are replayed on each step. A single episode can therefore exceed tens of thousands of tokens, which raises
latency, inflates cost, and risks overrunning the window. Controlling this token footprint is not a cosmetic tuning task
but a first order engineering problem for any organization that runs agents at scale.

The value of agentic pipelines is already visible across enterprise functions. Autonomous portfolio agents that
combine reasoning with market interaction have been shown to improve stock selection and execution in algorithmic
trading [21]. Reinforcement learning controllers optimize agile portfolio management on the Nifty 50 index [22] and
maximize profit in perishable food supply chains [23]. Cross layered edge and cloud deep learning supports digital
twin analytics in smart manufacturing [24]. In every one of these settings the economic viability of the agent depends
on how frugally it spends tokens, which is the subject of this paper.
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Token optimization operates at four levels of the stack, and each level admits a clean mathematical formulation.
At the input boundary, subword tokenization determines how many tokens a string consumes; the byte pair encoding
algorithm [3] and its relatives trade vocabulary size for sequence length. Above tokenization, prompt compression
removes low information content from the context, as exemplified by the LLMLingua family [15]. Inside the model,
key value (KV) cache optimization discards the transient state of unimportant tokens during generation, as in the Heavy
Hitter Oracle [18]. Around the model, agent loop governance bounds how context accumulates across reasoning
rounds. Viewing these four levels through a single optimization lens clarifies where the leverage lies and how the
methods compose.

Contributions. This paper makes four contributions.

1. A unified formulation that casts tokenization as minimum expected sequence length, prompt compression as
budgeted information maximization, and cache eviction as submodular maximization, with the agent episode as the
object being optimized (Sections 3 and 4).

2. A from scratch implementation of byte pair encoding and a reproducible measurement of fertility and compression
on four enterprise content regimes, namely natural language, structured payloads, program source, and operational
telemetry (Section 6).

3. An information theoretic pruning analysis that quantifies how quickly content is retained when tokens are removed
by self information rather than uniformly (Section 6).

4. A transparent parametric cost model for a ReAct style agent that quantifies the savings from context compression
across reasoning rounds (Section 6).

2. Background and Related Work

2.1. Subword tokenization

Byte pair encoding originated as a data compression scheme that repeatedly replaces the most frequent adjacent symbol
pair with a new symbol [2]. Sennrich, Haddow, and Birch adapted it to segment rare words into subword units for
neural machine translation, giving models an open vocabulary without unknown token failures [3]. WordPiece grows a
vocabulary by greedily merging the pairs that most increase the likelihood of the training corpus [4], while the unigram
language model formulation of Kudo selects a vocabulary by pruning a large candidate set to maximize a probabilistic
objective [5]. SentencePiece packages these methods into a language independent tokenizer that operates directly
on raw text [6]. Byte level byte pair encoding, introduced with GPT-2, uses raw bytes as the base alphabet so that
any string is representable with a compact vocabulary [7]. A comparative study found that unigram segmentation
aligns more closely with morphology than the greedy byte pair merge order [20]. The choice matters at scale because
sequence length drives both the compute of self attention and the size of the cache.

2.2. Prompt compression

As chain of thought prompting [11] and in context learning pushed prompts to tens of thousands of tokens, methods
emerged to compress the prompt itself. LLMLingua ranks tokens by their perplexity under a small language model and
removes the least surprising ones, achieving up to twentyfold compression with limited loss [15]. LongLLMLingua
extends the idea to long context retrieval settings and mitigates the tendency of models to lose information in the
middle of a long prompt [16]. LLMLingua-2 reframes compression as token classification trained by distillation from
a stronger model, yielding a task agnostic and faster compressor [17]. These methods are complementary to retrieval
augmented generation, which reduces context by fetching only relevant passages [14], and to sensitivity aware retrieval
that protects private fields while serving evidence [25].

2.3. Inference memory and cache optimization

During autoregressive generation the keys and values of past tokens are cached, and this cache grows linearly with
sequence length and batch size. The Heavy Hitter Oracle observes that a small subset of tokens attracts most of the
attention mass and formulates cache eviction as a dynamic submodular problem with a greedy policy that retains
recent tokens together with these heavy hitters [18]. Streaming approaches keep an attention sink of initial tokens plus
a sliding window, enabling stable generation over effectively unbounded inputs [19]. These techniques exploit the
sparsity of attention in the same spirit that classical classifiers exploit structure in imbalanced streams [28] and in large
scale Hadoop pipelines [27].
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2.4. Agentic reasoning and enterprise deployment

The ReAct framework interleaves reasoning traces with actions that query external environments, allowing a model to
plan, act, and revise [12]. Toolformer shows that a model can learn in a self supervised way to decide which API to
call, when, and how to fold the result back into generation [13]. Scaling studies established that model quality follows
predictable laws in parameters, data, and compute [9], and that compute optimal training rebalances data against size
[10]; both results sharpen the economic case for spending inference tokens carefully, since the few shot competence of
large models [8] is what makes long agentic prompts worthwhile in the first place. Enterprise applications of these
ideas span privacy preserving big data publishing [26], thermodynamically inspired hybrid optimization [29], and a
broad range of deployed deep learning systems for medical and financial decision making [32]. The present work
complements this literature by isolating the token economics that all such systems share.

3. Notation and Problem Formulation

Let X be a finite alphabet of characters or bytes and let x € X* be an input string. A tokenizer is a map that turns a
string into a sequence of units drawn from a vocabulary.

Definition 1 (Tokenizer). A tokenizer is a pair (V,T) where ¥V is a finite vocabulary and F : X* — ¥* is a
deterministic segmentation that is invertible on its range, so that a detokenizer T~ recovers x from 7 (x).

Two quantities summarise the efficiency of a tokenizer on a string. Let w(x) be the number of whitespace delimited
words in x and let |x| be its character length. The fertility and the character compression are

ES) N

°0 =S YT

e))

Fertility counts tokens per word and is minimized by a vocabulary that captures frequent morphemes and identifiers;
character compression counts characters carried per token and rises as the vocabulary lengthens its units. Because the
cost of a transformer call is dominated by sequence length, and self attention scales as (|7 (x)|?) in the naive case,
reducing |7 (x)| yields both linear savings in the KV cache and quadratic savings in attention.

3.1. The token budget of an agentic episode

Consider a ReAct style agent that runs for R rounds. Round r appends model reasoning of length Tinink, an action
of length T, and an observation of length T, and it re-presents a retrieved context whose length starts at T¢.x and
grows by a factor g > 1 per round as history accumulates. With a fixed system preamble of length Ty, the tokens
processed in one episode are

R—-1

Tep = Togs + X [ KTex 8" + Tk + Tacc + Tons, @
r=0

where k € (0,1] is a context compression factor (k = 1 means no compression). Summing the geometric series gives

the closed form R

-1
Tep = Toys + K Terx ggj_‘_R(Tﬂlink“"nct“‘Tobs)a g>1 (3)

The dominant term for large R is the context term, which grows geometrically; this is precisely why context compression,
encoded by K, is the highest leverage knob in an agent loop.

3.2. Three optimization problems

Equations (1) and (3) expose three targets. (i) Tokenization seeks a vocabulary ¥ of size at most k that minimizes
expected sequence length over the workload distribution 2,

\I}l\?k Eea [| 9 ()] “)

(ii) Prompt compression seeks a subset of context tokens that preserves the most information under a token budget. (iii)
Cache eviction seeks a bounded subset of past tokens whose keys and values preserve attention behaviour. The next
section develops the algorithms that solve these problems.

4. Mathematical Methods for Token Optimization
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4.1. Subword segmentation

Byte pair encoding solves a greedy surrogate of problem (4). Starting from a base vocabulary of single characters, it
repeatedly merges the adjacent pair with the highest corpus frequency until the vocabulary reaches size k. Let cnt(a, b)
be the frequency of the ordered pair (a,b) in the current segmentation. Each step chooses

(a*,b*) = argmaxcnt(a,b), 3)

(a,b
introduces the merged symbol a*b*, and rewrites every occurrence.

Proposition 1 (Local optimality of a merge). Merging the most frequent pair (a*,b*) with frequency m = cnt(a*,b*)
removes exactly m tokens from the corpus, which is the largest single step reduction in total token count achievable by
introducing one new vocabulary entry.

Sketch. Introducing a symbol for pair (a,b) and applying it greedily removes one token per non overlapping occurrence,
that is cnt(a, b) tokens. Maximizing this count over all candidate pairs is exactly the greedy criterion, so no alternative
single merge removes more tokens. O

The greedy order links tokenization to source coding: a corpus segmented into the minimum number of tokens
under a fixed vocabulary approaches the entropy lower bound for that vocabulary, so shorter sequences reflect better
modelling of frequent patterns. WordPiece replaces the frequency criterion with a likelihood gain criterion [4], and the
unigram model instead prunes a superset vocabulary to maximize corpus likelihood under a probabilistic segmentation
[5]. All three trade the vocabulary budget k against expected sequence length, and Section 6 measures this trade off
directly.

4.2. Prompt compression as budgeted information maximization

Given a context of tokens #1,...,t,, prompt compression keeps a subset that retains the most information under a token
budget B. Let I(#;) denote the information carried by token #; and let s; € {0, 1} indicate that #; is kept. The selection

problem is
n

n
max I(t;)s; s.t. si <B. 6
s, Ll st Qs ©
Proposition 2 (Threshold optimality). When every token has unit cost, the linear programming relaxation of (6) is
integral, and an optimal solution keeps the B tokens with the largest 1(t;). Sorting by information and thresholding
therefore solves the problem exactly.

This is the mathematical core of LLMLingua, which uses the negative log likelihood (surprisal) of each token under a
small language model .#s as the information proxy, /(t;) = —logp_ 4, (ti | t;), and removes low surprisal tokens [15].
Two refinements make the method practical. A budget controller allocates segment specific rates so that instructions and
questions are protected more than demonstrations, implementing a coarse to fine schedule [15]. A distribution aligned
classifier, trained by distillation, generalizes the ranking across domains and accelerates it [17]. When information
concentrates in a few tokens, the retained fraction of information falls more slowly than the retained fraction of tokens;
we quantify this gap in Section 6.

4.3. KV cache eviction as submodular maximization

During generation the model must decide which past tokens to keep in the cache. Let U be the set of past positions and
let f: 2V — R-( measure the attention mass covered by a retained set. The eviction problem under a cache budget m is

max  f(S). (7
SCU, |S|<m
The Heavy Hitter Oracle shows that an accumulated attention score function of this type is monotone and approximately
submodular, so the greedy rule that keeps recent tokens together with the highest scoring heavy hitters enjoys the
classical (1 — 1/e) approximation guarantee for submodular maximization under a cardinality constraint [18].

Remark 1. Submodularity formalizes diminishing returns: once the tokens that dominate the attention distribution
are cached, adding further tokens yields little extra coverage. Empirically, retaining roughly one fifth of the cache
preserves quality while cutting memory and raising throughput substantially [18], and a sliding window with an
attention sink achieves stable unbounded generation [19].
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4.4. Context governance in the agent loop

The episode cost (3) is controlled by three governance actions, each of which lowers an operand rather than a rate.
Summarizing completed sub goals replaces a verbatim transcript of length L by a summary of length AL with A <1,
which reduces the growth factor g. Truncating tool observations to the fields that matter lowers Tops. Compressing
retrieved passages by the method of the previous subsection lowers k. Because the context term dominates for large R,
the compression factor k delivers the largest marginal saving, which motivates the projection in Section 6. Retrieval
that returns only relevant passages [14] and sensitivity aware publishing that suppresses private fields [25] act on the
same operand from the data side.

5. Algorithms in Agentic Enterprise Systems

5.1. The reasoning and acting loop

Algorithm 1 sketches a token aware ReAct style loop [12]. Each round the controller compresses the working context,
lets the model reason, executes at most one tool call in the spirit of self supervised tool use [13], folds a truncated
observation back into memory, and either answers or continues. The compression step realizes the factor k of
Equation (2), and the summarization step bounds the growth factor g.

Algorithm 1. Token aware agent loop

Input: task g, tools o7, budgets (B, m), rounds R
Init: memory J# < system preamble; answer <— L
1. forr=1to R do
2. C <+ RETRIEVEANDCOMPRESS(q,.%7, B) // budgeted info max, Eq. (6)
T < REASON(C) /I KV cache bounded by m, Eq. (7)
if 7 requests tool a € </ then
0 < TRUNCATE(EXECUTE(a))
A < SUMMARIZE (S U{1,0}) // bounds growth g
else answer < 7; break
return answer

® N n kW

Figure 1. A token aware reasoning and acting loop. Lines 2, 3, and 6 instantiate the three optimization problems of Section 4.

5.2. Orchestration and cost governance

In multi agent enterprise systems a planner delegates sub tasks to specialist agents, each of which incurs its own episode
cost (3). Because the costs add, the compression factor and the growth factor propagate multiplicatively through the
orchestration tree, so disciplined per agent governance compounds into large system level savings. This mirrors the
way layered edge and cloud pipelines distribute computation to control end to end cost in manufacturing analytics [24],
and the way reinforcement learning controllers bound the cost of sequential decisions in trading [22] and in supply
chains [23].

6. Experimental Analysis

6.1. Setup

To keep every reported number reproducible, we implemented byte pair encoding from first principles with incremental
pair count maintenance and trained it on a curated corpus that spans four enterprise content regimes: authored
technical prose; richly varied JSON records with randomized fields; genuine Python standard library source (the
argparse, textwrap, functools, csv, pprint, and json modules); and randomized operational log lines. The
base vocabulary contains 96 symbols, and we swept the merge budget over {0, 100,250,500, 1000,2000,4000, 8000},
giving vocabularies of size 96 to 8096. All measurements use a fixed random seed. We report fertility and character
compression from Equation (1), an information theoretic pruning curve, and a cost projection from Equation (3). No
external benchmark or pretrained tokenizer is used, so the analysis can be regenerated end to end.

6.2. Fertility and compression across content regimes

Figure 2 shows fertility as a function of vocabulary size. At the character level (no merges) fertility is high because
each word fragments into many symbols, and it falls monotonically as merges assemble longer units. Structured and
code regimes reach low fertility fastest because their tokens are highly repetitive, whereas operational logs remain the
least compressible because randomized identifiers and numeric fields rarely recur. Figure 3 shows the complementary
view: character compression rises with the vocabulary budget for every regime.
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Fertility decreases as the merge budget grows

—8— Natural language
—— JSON payloads
—&— Source code
—€— System logs

Fertility (tokens per whitespace word)

10? 103 104
Vocabulary size (base symbols + BPE merges)

Figure 2. Fertility (tokens per whitespace word) against vocabulary size for four enterprise content regimes. Fertility falls
monotonically as the byte pair encoding merge budget grows.

Effective compression improves with vocabulary budget

—8— Natural language
81 —m— JSON payloads
—&— Source code
—&— System logs

Compression (characters per token)
()]
1

102 103 104
Vocabulary size (base symbols + BPE merges)

Figure 3. Character compression (characters carried per token) against vocabulary size. Larger vocabularies pack more characters
into each token, reducing sequence length.

Table 1 reports the operating point at 8096 vocabulary units. Fertility ranges from 1.26 for source code to 2.01 for
logs, and character compression ranges from 4.29 for prose to 8.59 for JSON. Relative to a character level baseline,
byte pair encoding shortens sequences by 76.7 percent for prose and by up to 88.4 percent for structured payloads. The
spread across regimes underlines a practical point: a single global vocabulary is a compromise, and enterprises whose
context is dominated by one regime can gain by tuning the vocabulary toward it.
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Table 1. Measured tokenization statistics at a vocabulary of 8096 units. Fertility and character compression follow Equation (1);
sequence reduction is relative to a one token per character baseline.

Content regime Chars Words Tokens Fertility Chars/token Seq. red. (%)

Natural language 6365 946 1485 1.570 4.286 76.7
JSON payloads 36854 3243 4293 1.324 8.585 88.4
Source code 210481 21008 26504 1.262 7.941 87.4
System logs 23307 1678 3373 2.010 6.910 85.5

6.3. Information content pruning

We next test the premise of prompt compression: that ranking tokens by self information retains content faster than
removing tokens uniformly. Using the trained model we estimate each token’s self information 7(¢) = —log, p(¢) from
its corpus frequency, rank the tokens of the prose regime, and measure the fraction of total self information retained
as a function of the fraction of tokens kept. Figure 4 plots the result against the uniform baseline, on which retained
information equals retained tokens in expectation.

Information-ranked pruning preserves content at low keep rates

100 | —e— Information-ranked keep
=== Uniform (random) keep P

Self-information retained (%)

20 30 40 50 60 70 80 90 100
Tokens retained (%)

Figure 4. Self information retained against tokens retained for information ranked pruning versus uniform removal. Information
ranked keeping lies above the diagonal, so low information tokens can be dropped with sub proportional loss of content.

Table 2 lists the curve. Keeping half of the tokens retains 58.3 percent of the information, and keeping thirty
percent retains 36.3 percent, in each case exceeding the uniform baseline. The gap is the headroom that a compressor
exploits, and it widens for content with heavier tailed information, which is why distribution aware compressors such
as LLMLingua reach far higher ratios with a learned surprisal signal [15] than this simple unigram proxy.

Table 2. Information ranked pruning on the natural language regime. Retained information exceeds the fraction of tokens kept at
every operating point.

Removed p  Tokens kept  Info retained (ranked) Info retained (uniform)

0.0 1.00 1.000 1.00
0.1 0.90 0.944 0.90
0.2 0.80 0.872 0.80
0.3 0.70 0.785 0.70
0.4 0.60 0.687 0.60
0.5 0.50 0.583 0.50
0.6 0.40 0.475 0.40
0.7 0.30 0.363 0.30
0.8 0.20 0.245 0.20
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6.4. Cost projection for an enterprise agent

Finally we apply the episode model (3) to a representative six round agent with a system preamble of 800 tokens,
an initial retrieved context of 2500 tokens growing at g = 1.15 per round, and per round reasoning, action, and
observation lengths of 180, 60, and 400 tokens. Without compression (k = 1) an episode consumes 26 524 context
tokens. Compressing retrieved context by sixty five percent (x = 0.35), the level of reduction that budgeted information
maximization routinely achieves on redundant enterprise text, lowers consumption to 12 300 tokens, a 53.6 percent
saving. Figure 5 shows how the two trajectories diverge as rounds accumulate, confirming that the geometric context
term dominates and that acting on x is the highest leverage intervention.

Token accumulation in a ReAct-style enterprise agent

[0}

§ —8— No compression
2 25000 1 —@— Context compression (65%)
o

[}
220000 -
%]

o

5}

3

+ 15000 +
o

»

3

g

S 10000 A
5}

2

I

= 5000
g

=S

O

1 2 3 4 5 6
Reasoning / tool-use rounds in the agent loop

Figure 5. Cumulative context tokens per episode against reasoning rounds for a ReAct style agent, with and without sixty five
percent context compression. The gap widens geometrically, so context compression yields the largest per episode saving.

7. Discussion

The four levels of token optimization reinforce one another because they act on different operands of the same cost
expression. A better vocabulary lowers the base sequence length that everything else scales from; prompt compression
lowers the context factor k; cache eviction lowers the memory that limits batch size and therefore throughput; and loop
governance lowers the growth factor g. The multiplicative structure of Equation (3) means that gains compound, so a
pipeline that applies all four can reach order of magnitude savings that no single method delivers alone.

Two cautions accompany these gains. First, aggressive removal must respect task fidelity, because tokens that
appear redundant may encode constraints, exceptions, or negations that the model relies upon; effective systems
therefore couple reduction with protected spans, calibration on held out tasks, and regression monitoring. This
discipline of measuring before cutting is the same one that governs imbalanced learning [28] and privacy preserving
publication [26], where a naive transformation silently destroys signal. Second, optimization interacts with governance
and security: compressed prompts are harder for humans to audit, and cache eviction changes which evidence the
model can attend to, so enterprises should log the pre compression context for compliance. The mathematics of
optimization here is closely related to classical combinatorial structure, from submodular coverage to graph colouring
and edge structure that recur across the author’s prior work [30], and to thermodynamically inspired search over hybrid
landscapes [29].

The methods also generalize beyond text. Neuromorphic and edge deployments face the same pressure to represent
information compactly, whether in real time image processing with generative models [35] or in home and industrial
automation stacks [36]. Applied deep learning systems for medical screening [31], tumour detection [32], renal disease
prediction [33], and financial fraud detection [34] increasingly wrap their predictors in agentic interfaces, and each
such interface inherits the token economics analysed here. Even sensing and Internet of Things applications, from
waste management [37] and public safety [38] to smart home access control [39] and image enhancement pipelines
[40], benefit when their language model front ends spend tokens frugally.
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8. Conclusion and Future Work

We presented a unified mathematical and algorithmic treatment of token optimization for large language models
in agentic enterprise systems. Casting tokenization as minimum expected sequence length, prompt compression as
budgeted information maximization, and cache eviction as submodular maximization revealed the shared structure
behind methods that are usually studied in isolation. A from scratch byte pair encoding implementation gave
reproducible fertilities between 1.26 and 2.01 and character compression between 4.29 and 8.59 across four enterprise
content regimes; an information theoretic analysis showed that ranking tokens by self information retains content faster
than uniform removal; and a transparent cost model showed that compressing retrieved context by sixty five percent
cuts per episode token consumption by about fifty four percent for a six round agent.

Several directions remain open. Learning workload specific vocabularies that adapt to a tenant’s mixture of prose,
code, and telemetry could push fertility lower than a global vocabulary allows. Coupling prompt compression with
cache eviction under a single joint budget, rather than optimizing each separately, is a natural next step given their
shared submodular flavour. Finally, integrating token budgets into the reward of a reinforcement learning controller
would let an agent trade tokens against task success automatically, closing the loop between the economics analysed
here and the decision policies that drive enterprise agents.
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